Abstract-The problem of the Cramer-Rao Lower Bounds (CRLBs) for the joint time delay and Doppler stretch estimation of an extended target is considered in this paper. Integral representations of the CRLBs for both the time delay and the Doppler stretch are derived. To facilitate computation and analysis, series representations and approximations of the CRLBs are introduced. According to these series representations, the impact of several waveform parameters on the estimation accuracy is investigated and reveals that the CRLB of the Doppler stretch is inversely proportional to the effective time-bandwidth product of the waveform. This conclusion generalizes a previous result in the narrowband case. The popular wideband ambiguity function (WBAF)-based delay-Doppler estimator is evaluated and compared with the CRLBs through numerical experiments. Our results indicate that the WBAF estimator, which was originally derived from a single scatterer model, is not suitable for the parameter estimation of an extended target.
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I. INTRODUCTION
T HE joint estimation of the time delay and Doppler of a noise contaminated signal is a fundamental problem in radar and sonar systems and has been extensively addressed for the case involving narrowband signals [2] - [13] . In many modern sensing applications, however, wideband signals are utilized, and the narrowband model may not be appropriate. Weiss [14] , Remley [15] , and Kelly and Wishner [16] indicated that the narrowband model and the corresponding narrowband signal processing techniques are applicable only when , where and are the bandwidth and duration of the transmitted signal, respectively, is the relative velocity between the target and the sensor, and is the propagation speed of the signal. In imaging radars, for instance, signals with a large bandwidth are usually employed because high range resolution (HRR) is needed. For systems that require low interception probability (LPI), as another example, an effective approach is to emit a low-power signal with a large such that the energy is spread over a wider region in the time and/or frequency domain. In either case, the wideband model is more appropriate. Further, the narrowband assumption may not be justifiable in some sonar systems [14] . The propagation velocity of sound in water is approximately . If the relative velocity between the target and the sonar is , it yields . Thus, even a signal with may not qualify as a narrowband signal.
There are significant differences in modeling echoes between wideband and narrowband signals. First, a target can be modeled as a point scatterer under the narrowband signals. In contrast, a wideband signal entails a higher range resolution. Thus, a target may span several adjacent range units and should be described using multiple scatterers [17] - [21] . In this case, we refer to the target as an extended target. Second, in the case of narrowband signals, the shift of the carrier frequency, which is referred to as the Doppler shift, is a valid approximation of the actual Doppler effect, which causes the time-expansion or time-compression of the transmitted waveform. Moreover, the complex envelope of the transmitted waveform in the narrowband cases is nearly unaffected. For wideband waveforms, the Doppler effect on the complex envelope, however, must be considered [14] and the time-expansion or time-compression factor is occasionally referred to as the Doppler stretch [22] , [23] .
As a lower bound for the variance of any unbiased estimator, the Cramer-Rao Lower Bound (CRLB) is an important tool for the performance evaluation of various estimation methods [2] , [22] - [27] . Due to the asymptotically efficient property of the maximum likelihood estimator (MLE), the CRLB can be used to predict the performance of the MLE. Moreover, the CRLB has been employed as a criterion for optimal waveform selections [22] , [26] - [28] .
The CRLB for the joint time delay and Doppler shift estimation with narrowband signals has been investigated in numerous studies (e.g., [2] - [6] and references therein), whereas the counterpart for wideband signals has received less attention. Specifically, the studies in [22] , [23] focused on the CRLB for a general wideband signal along with a single scatterer model. Exploiting an extended target model, Liu et al. [29] considered the CRLBs of velocity and HRR profiles estimation with a step frequency signal. The study in [30] examined the CRLB for a non-coherent multiple-input multiple-output (MIMO) radar system, in which the signals transmitted from different transmitters are assumed to be narrowband. In this paper, we consider more general wideband sensing systems and derive the CRLB for an arbitrary wideband signal, along with an extended target model.
It was shown in [2] , [24] , [27] that under the wideband model for a single scatterer, the CRLB of the time delay estimation is inversely proportional to the effective bandwidth of the transmitted signal. Under a similar condition, it was proven in [22] that increasing the effective time-bandwidth product can improve the joint estimation accuracy of the time delay and the Doppler stretch. Nevertheless, how the waveform parameters affect the CRLB of the time delay as well as the CRLB of the Doppler stretch have not been considered separately. Tarique et al. [31] discussed the effect of bandwidth on the range estimation accuracy in a multipath environment through simulation and showed that the ranging error diminishes with increasing bandwidth. In this paper, we take an analytical approach and study the effects of waveform parameters on the CRLB of both the time delay and the Doppler stretch for the wideband model, along with an extended target. As shown in this paper, the CRLB of the time delay is inversely proportional to the effective bandwidth, and the CRLB of the Doppler stretch is inversely proportional to the effective time-bandwidth product. These conclusions for the wideband model are a generalization of the counterpart in the narrowband case.
The rest of this paper is organized as follows. Section II establishes the signal model and defines the waveform parameters under investigation. In Section III, the CRLBs of the time delay and the Doppler stretch are derived and discussed. The integral representations of the CRLBs are presented, and for the convenience of analysis, series representations and approximations are presented. Based on the series representations, the influences of the effective bandwidth and the effective duration on the CRLBs are analyzed. Section IV provides some numerical examples, in which the performance of the wideband ambiguity function (WBAF)-based delay-Doppler estimator is evaluated. Section V contains the conclusions.
II. MODELING AND PROBLEM STATEMENT
Consider an extended target that contains point scatterers and moves along the line of sight (LOS) with a constant radial velocity relative to the sensor. The velocity is positive if the target moves away from the sensor. Thus, the distance of the th scatterer from the sensor at time is equal to . Denote the transmitted signal as ; the echo from the th scatterer then becomes , where is the scattering coefficient of the th scatterer and represents the round-trip travel time of the echo, which returns to the sensor at time from the th scatterer. Therefore, we have the relation (1) where is the propagation speed of the transmitted waves, and thus, (2) where is referred to as the Doppler stretch [22] , [23] and the time delay is defined as . From (2), we know that the Doppler effect causes the timeexpansion or time-compression of the transmitted signal.
If is a modulated carrier, i.e., , where is the complex envelope and is the carrier frequency, then the Doppler stretch gives rise to not only the shift of the carrier frequency but also the time-expansion or time-compression of the complex envelope. Furthermore, under the assumption , where and are the bandwidth and duration of the transmitted signal, respectively, the effect of the time-scaling on the complex envelope is negligible, i.e., (2) can be approximated by using narrowband model [14] - [16] , [32] : (3) where is the Doppler shift. There is an intuitive explanation for (3). It is well known that the transmitted signal can be considered a continuous linear combination of a series of constant-frequency signals , whose carrier frequencies are within the bandwidth of the transmitted signal. For each such constant-frequency signal, the Doppler effect causes the carrier frequency to change by the amount of , which results in the variation of phase rotation over the duration of echo by the amount of . Denote the lowest and the highest frequencies over the bandwidth of the transmitted signal as and , respectively. Thus, if
then the variations of phase rotations for all such constant-frequency signals can be assumed to be equal. Hence, the Doppler effect of the echo can be approximated using a frequency shift. Note also that if the displacement of the target with a velocity over the time is a fraction of the range resolution , then the narrowband condition is still satisfied. Because the narrowband condition does not necessarily hold in our paper, the echo from the th scatterer, expressed in the complex form, is given by (2) instead of (3).
We assume that the received signal is the sum of echoes from each scatterer corrupted by an additive white Gaussian noise with spectral height . After demodulating and sampling the received signal at a rate of , we have (5) where . The noise is distributed as and [2] . Rewrite (5) as (6) where is the observation vector, is the complex measurement matrix with , and the scattering coefficients represent the highrange-resolution profile of the target. The noise vector is distributed as . Assume , , which means that the scatterers are equally spaced along the LOS. Thus, the parameters to estimate are , where and . Moreover, the following assumptions are made: Assumption 1: For , we have . This indicates that the echoes are completely sampled. (7) where (8) (9) The notation is the abbreviation of . The regularity condition (7) ensures the interchangeability between integrals and limits in Section III-B.
The parameter is the energy of the transmitted waveform, while and can be considered measures of the bandwidth and the duration, respectively. The effective bandwidth of is defined by [33] (10)
The Fourier transformation of is , where is the Fourier transformation of ; hence, according to Parseval's equality [34] , we conclude that measures the spread of the signal in the frequency domain in a root mean square (RMS) sense. Thus, we also refer to it as the RMS bandwidth. We define the effective duration as (11) and refer to as the effective time-bandwidth product. Note that the definition of the effective duration in this paper is different from that in [33] , where the effective duration is defined by (12) For a narrowband signal, (13) where is the unit step function, we have and . Thus, for narrowband signals, these two definitions on the effective duration are in accord. As shown in Sections III-C and III-D, the CRLBs of the time delay and the Doppler stretch for a wideband signal are largely influenced by , not . Therefore, we use the definition of the effective duration (11) in the following sections.
Finally, some matrices and notations are introduced. We define , , where (14) Particularly,
, that is, all elements in are equal to 1. Moreover, the notation , as indicates that there exist constants such that
III. DERIVATIONS OF THE CRLBS

A. Integral Representations of CRLBs
The CRLB is a lower bound for the variance of any unbiased estimator and is usually used as a benchmark to evaluate the performance of estimators. The parameters under estimation are . According to [2] , the covariance matrix of any unbiased estimator satisfies (17) where is the Fisher information matrix defined as (18) with (19) The matrix inequality indicates that is positive semidefinite. The observation vector in (6) is distributed as with ; thus, the Fisher information matrix can be calculated by using [2] (20)
The CRLB of is given by the diagonal elements of . Partition as (21) where with and . The elements of are calculated as (22) The CRLB of the time delay and Doppler stretch are given by
where (25) Define (26) (27)
Then, we have (29) Note that exists due to the positive definite property of . The elements of are calculated as follows (30) In the last line, the summation is approximated with an integral by letting , which is based on the assumption that the sampling interval is small enough. Similarly, we have Substituting (30)- (35) into (23)- (24) yields the CRLBs.
B. Series Representations of CRLBs
The previous representations have a limitation: they are not helpful for analyzing the properties of the CRLBs. One reason is that (30)-(35) involve many complicated integrals, of which the integrands depend on both the waveform and the target. To address this issue, we replace the functions and in (30) - (35) with their respective Taylor series and then rewrite the CRLBs in the form of series. As shown in (85)-(96), these series representations only consist of integrals , which are relatively uncomplicated and depend on waveform. Note that some important waveform parameters, such as the effective bandwidth and the effective duration, are directly determined by these integrals. Therefore, it is easier to analyze the CRLBs by employing the series representations. In this subsection, the series representations of CRLBs are derived, and some approximations of CRLBs are presented.
Based on the Taylor series [35] , we have
where . By substituting (36)- (37) into (30)- (35) and applying Lemma 1 (Appendix A) and Lebesgue's Dominated Convergence Theorem, which is one of the rules on the interchangeability between integral and limit [36] , we obtain Therefore, the CRLBs can be approximated by using and for a sufficiently large integer . It is recommended to substitute with its original value to avoid the possible singularity of . The next result provides a bound on the approximation error due to the truncation.
Proposition 1:
as , where represents the size of the target and is the constant in (7).
Proof: See Appendix C. Proposition 1 indicates that the error of the approximate CRLBs is bounded; thus, the factors that impact the error can be analyzed. According to (41)-(42), a larger is required as the size of the target increases.
Finally, we consider a special case where the scattering coefficients are real numbers. The CRLBs are given by (23)- (24), where
Comparing (26)- (28) with (84), we have
Note that ; thus, the CRLBs do not rely on . In Sections III-C and III-D, when we discuss the influences of waveform parameters on the CRLBs, it is reasonable to believe that and are independent because is a measurement of the correlation between and . Furthermore, interesting waveform parameters are defined by ; the representations of the CRLBs are briefer in this case. Thus, we henceforth only consider the case of realvalued scattering coefficients without loss of generality, and our development of Sections III-C and III-D can be easily generalized to the complex case.
C. Discussions on Waveform Parameters With
In previous subsections, the CRLBs for an extended target are derived. When , the extended target becomes a single scatterer, and reduces to a scalar . Let in (23)- (24); thus, the CRLBs of a single scatterer target are 
D. Discussions on Waveform Parameters in the General Case
In this subsection, discussions regarding the influences of waveform parameters on CRLBs in the case of a single scatterer are generalized to the extended target situation. It is worth noting that an alteration of the effective bandwidth or the effective duration results in changes of , , which also affects the CRLBs. Therefore, and influence the CRLBs partly through these waveform parameters. The leading terms in (85)- (96) Therefore, we conclude that 1) there exists a positive correlation between the estimation accuracy of the time delay and the effective bandwidth and 2) the estimation accuracy of the Doppler stretch is positively correlated with the effective timebandwidth product.
Considering the narrowband signal (13), we have
The Doppler shift is defined by . According to [2] , the CRLB of the Doppler shift is given by (56) This indicates that for narrowband signals, there exists a positive correlation between the estimation accuracy of the Doppler shift and the duration.
IV. NUMERICAL RESULTS
In this section, we compare the performances of several estimators with the derived CRLBs and provide numerical examples to illustrate the properties of CRLBs.
In the case where a narrowband signal is transmitted, a standard method for estimating the time delay and the Doppler stretch is to use the ambiguity function (AF) [2] , [33] , which is asymptotically efficient, that is, the estimator is unbiased and reaches the CRLB when the number of independent observations approaches infinity [37] . For a wideband model, when the target only has a point scatterer, the wideband ambiguity function (WBAF), which is the counterpart of the AF, is employed [14] , [22] , [38] . It was shown in [22] that under high SNRs, the WBAF estimator is asymptotically unbiased and the variances are close to the CRLBs for a large variety of signals. In this section, we examine the performance of the WBAF-based estimator for an extended target.
The WBAF, suggested by [22] , is
where and are the received and the reference signal, respectively. The received signal is modeled as (5), and the reference signal is different for various estimators: 1) Oracle matched filter with and 2) WBAF estimator with . The estimates are ideal but impractical because the number of scatterers and scattering coefficients are unknown. The oracle matched filter is employed as a reference to illustrate the properties of CRLBs. In practice, the WBAF estimator is often applied.
The CRLBs and the mean square errors (MSEs) of these two estimators versus various SNRs are shown in Figs. 1-4 . The number of scatterers are . All are assumed to be equal to 1. The time delay is and the Doppler stretch is . The source signal is a monopulse Chirp signal that is time-limited to and approximately band-limited to , i.e.,
where , and is the unit step function. The SNR is defined as (59) and is changed by altering . The sampling interval . The CRLBs are calculated by using (30)- (35) . The MSEs are computed through 100 independent Monte Carlo trials. As presented in Figs. 1-4 , the MSEs of the Oracle matched filter estimator are smaller than the corresponding CRLBs when the SNR is relatively large (e.g., larger than 26 dB when ) because the Oracle matched filter assumes that all are known and, thus, that the number of unknown parameters is actually smaller than the number of unknowns in the CRLB derivation. Meanwhile, the MSEs of the WBAF estimator gradually deviate from the corresponding CRLBs, which indicates that the WBAF estimator is not appropriate under high SNRs. Moreover, we find that under high SNRs, the performance of the WBAF is significantly affected by the number of scatterers. The approximate CRLBs (38)- (40) are next compared with the theoretical CRLBs (23)- (24) . The results are presented in Fig. 5, with , respectively. The approximate CRLBs are calculated using (38) - (40) with . The other parameters are the same as those for Fig. 1 . It is seen that the approximate CRLBs are accurate in the case of a small target ( ) and become less accurate when the target is relatively large (
). The approximate CRLBs with for are presented in Fig. 6 . Figs. 5-6 indicate that 1) the approximate error diminishes if a larger is chosen and 2) a larger is required as the size of the target increases. These statements are coincident with (41)-(42).
The influences of the size of the target on the CRLBs are shown in Figs. 7 and 8 , where
. The other parameters are the same as those used for Fig. 1 . The CRLBs are calculated using (30)- (35) . These indicate that the CRLBs are higher when the size of the target increases. The influences of the effective bandwidth on the CRLBs of the time delay are shown in Fig. 9 , where changes from 0.256 to 2.560 and other parameters are the same as those for Fig. 1 . The effective bandwidth increases from 0.7604 to 9.0884 . The effective duration increases from 3.549 to 3.893 and can be considered as almost unchanged. The CRLBs are calculated using (30)- (35) . These numerical results demonstrate that the CRLB of the time delay is inversely proportional to the effective bandwidth of the transmitted signal.
Two experiments are performed to demonstrate the relation between the time-bandwidth product and the CRLB of the Doppler stretch. In the first one, changes and is fixed. In the second one, is fixed and varies. The results are depicted in Figs. 10 and 11 , respectively. Note that the effective time-bandwidth product is proportional to for a Chirp signal. In Fig. 10 , changes from 0.256 to 2.560 and other parameters are the same as those for to 3.893 and can be considered as almost unchanged. These parameters are designed similarly to those for Fig. 9 . In Fig. 11, , increases from 1.5 to 5
and other parameters are the same as those for Fig. 1 , implying that increases from 1.1678 to 3.8927 and . The CRLBs in both figures are calculated using (30)- (35) . Combining Fig. 10 with Fig. 11 , we find that 1) there exists a positive correlation between the effective time-bandwidth product and the estimation accuracy of the Doppler stretch and 2) the relation between the effective duration and the CRLB of the Doppler stretch is not apparent.
V. CONCLUSION
In this paper, both integral and series representations of the CRLBs for the joint delay-Doppler estimation of an extended and is almost unchanged. 
, ,
, , (23)- (24) . Note that the denominators of (23) and (24) do not converge to zero due to the positive definite property of .
